Abstract. Just as the presheaf category is the free cocompletion of any small category, there is an analogous notion of free cocompletion for any small restriction category. In this paper, we extend the work on restriction presheaves to presheaves over join restriction categories, and show that the join restriction category of join restriction presheaves is equivalent to some partial map category of sheaves. We then use this to show that the Yoneda embedding exhibits the category of join restriction presheaves as the free cocompletion of any small join restriction category.
Introduction
The notion of a restriction category as a means of generalising partial map categories was formally introduced in [1] , although the idea came much earlier from [4] . In both papers, the partiality of a map was expressed in terms of an idempotent on its domain of definition, and this assignment of maps to their corresponding idempotents is known as the restriction structure on a category [1] . It turns out that these restriction categories are the objects of a 2-category called rCat, and share many similarities with ordinary categories. Therefore, one might expect these restriction categories to have some notion of colimits and limits.
In [3] , the authors gave a definition of cocomplete restriction category, and introduced the notion of a restriction presheaf over a restriction category. They also showed that there was an analogue of free cocompletion in the restriction setting via the restriction category of restriction presheaves. The aim of this paper will be to extend the work done in [3] to join restriction categories; namely restriction categories whose partially ordered hom-sets have joins if their elements are compatible.
We begin with a review of restriction categories [1] , join restriction categories [5] and M-categories in section 2. In the same section, we characterise those M-categories whose category of partial maps has a join restriction structure, and define geometric M-categories. In section 3, we see that every geometric M-category may be given a subcanonical topology, and that the M-category of sheaves on this site is also geometric. It turns out that the M-category of sheaves is the free cocompletion of any geometric M-category. Using this fact, we give the free cocompletion of any join restriction category in section 4. Finally, in section 5, we show that the partial map category of sheaves is equivalent to some join restriction category of join restriction presheaves. The idea being that a compatible family of elements should correspond to some matching family for a covering sieve, and that the join of any such compatible family should correspond to an amalgamation. A consequence of this result is the analogue of free cocompletion for any join restriction category.
Finally, in this paper, unless otherwise stated, we shall assume that our categories are locally small.
Join restriction categories and geometric M-categories
Restriction categories were introduced in [4] as a way to represent the partiality of maps by an idempotent on its domain of definition, known as a restriction idempotent. Many examples of restriction categories exist and are listed in [1] . For example, Set p (the category of sets and partial functions) is a restriction category whose restriction idempotents are precisely the partial identity maps. In Set p , we may consider hom-sets of partial functions which agree on their domains of definition, and these form what is called a compatible family. It is not hard to see that for any family of compatible maps S in Set p , we may define a new partial function whose domain of definition is the union of the domains of definition of the individual partial functions in S. Indeed, this idea is captured via the notion of a join restriction category [4] . Examples of join restriction categories include Set p as well as Top p , the category of topological spaces and partial continuous functions.
In [1] , the authors proved that the 2-categories of split restriction categories and M-categories were 2-equivalent. The goal of this section will be to prove that this 2-equivalence restricts back to a 2-equivalence between the 2-category of split join restriction categories and the 2-category of geometric M-categories. Let us begin by recalling the definition of a restriction category.
Definition 1 (Cockett-Lack) . A restriction category is a category X together with assignations X(A, B) → X(A, A), f →f withf satisfying the following conditions:
for suitable maps g and h. We callf the restriction of f .
A map f ∈ X is called a restriction idempotent if f =f , and is total iff = 1. Observe that each hom-set X(A, B) has a partial order given by f ≤ g if and only if f = gf . If X and Y are restriction categories, then a restriction functor F : X → Y is a functor which preserves the restriction structure on X. If F, G : X → Y are restriction functors, a restriction transformation α : F ⇒ G is a natural transformation whose components are total. Restriction categories, restriction functors and restriction transformations form a 2-category rCat [1] .
In the restriction category Set p , the restriction idempotent on a partial function f : A ⇀ B is given by the identity map on the domain of definition of f . Now suppose g : A ⇀ B is a partial function satisfying the condition gf = fḡ; in other words, f and g agree where their domains of definition intersect. More generally, in any restriction category, there is a notion of such "agreements" between maps from the same hom-set.
Definition 2 (Guo) . Let X be a restriction category, and let f, g ∈ X(A, B). We say that f and g are compatible if fḡ = gf , and denote this by f ⌣ g. For any set S ⊂ X(A, B), we say that S itself is compatible if maps in S are pairwise compatible.
The following are a direct consequence of the definition of compatibility.
Lemma 3 (Guo) . Let X be restriction category and suppose f, g ∈ X(A, B).
We noted in Set p that if two partial functions f, g : A ⇀ B satisfied the condition gf = fḡ, then f and g agreed on the intersection of their domains of definition. From this, we can define a new partial function called the join of f and g, f ∨ g : A ⇀ B, whose domain of definition is the union of the domains of definition of f and g. More generally, in any join restriction category, if a family of maps from the same hom-set are compatible, then its join exists and satisfies the conditions below.
Definition 4 (Guo) . A join restriction category X is a restriction category such that for each A, B ∈ X and compatible set S ⊂ X(A, B), the join s∈S s exists with respect to the partial ordering on X(A, B), and furthermore, satisfies the following conditions:
) for suitable maps f and g.
Proposition 5 (Guo, Lemma 3.18). Let X be a join restriction category, and let S ⊂ X(A, B) be a compatible set. Then for any map f :
If X and Y are join restriction categories, then a join restriction functor F : X → Y is a functor which preserves the joins in X. There is a 2-category jrCat of join restriction categories, join restriction functors and restriction transformations. Note jrCat is a full sub-2-category of rCat.
Earlier in this section, we mentioned that one of the reasons for introducing restriction categories was to capture the notion of partiality of maps through idempotents. This suggests there is some relation between restriction categories and categories of partial maps. Indeed, this is the case, but only if we consider categories with a particular family of monomorphisms.
Definition 6 (Cockett-Lack). An M-category (C, M) consists of an underlying category C, together with a family of monics M in C satisfying the following three conditions: (1) M contains all isomorphisms in C; (2) M is closed under composition; and (3) If m : C → B is in M and f : A → B is any map, then the pullback of m along f exists and is also in M. This is called an M-pullback.
A family of monics satisfying the above three conditions is called a stable system of monics [1] . If m : C → B is in M, we refer to m as an M-subobject of B. More specifically, an M-subobject of C is an equivalence class of Mmaps m : B → C, where m ∼ n if and only if there exists an isomorphism ϕ such that m = nϕ. There is a natural order on these M-subobjects; that is, for m : B → C and n : D → C, we say m ≤ n if there is a (unique) map f : B → C such that m = nf .
Definition 7 (Garner-Lin
). An M-category (C, M) is locally small if C is locally small, and the M-subobjects of any C ∈ C form a partially ordered set, which we denote by Sub M (C).
For the rest of this paper, our M-categories will be assumed to be locally small unless otherwise stated. Clearly Sub M (C) has a greatest element, namely 1 C , and has binary meets (and hence finite meets) given by pullback.
If (C, M C ) and (D, M D ) are M-categories, then a functor F between them is called an M-functor if F m ∈ M D whenever m ∈ M C , and if F preserves M-pullbacks. Also, given M-functors F and G, a natural transformation is called M-cartesian if the naturality squares are pullback squares. These M-categories, M-functors and M-cartesian natural tranformations form a 2-category called MCat [1] .
Given any M-category (C, M), we may form its category of partial maps Par(C, M), whose objects are objects of C, whose morphisms are spans (m, f ) (with m ∈ M) and where composition is by pullback. It turns out that for any M-category (C, M), its category of partial maps Par(C, M) has a restriction structure, where the restriction of any map (m, f ) is given by (m, m). Further, Par(C, M) has the property that all of its restriction idempotents split.
There is a 2-functor Par : MCat → rCat s from the 2-category of Mcategories to the sub-2-category of restriction categories whose idempotents split, and also a 2-functor MTotal : rCat s → MCat; in fact, these 2-functors are 2-equivalences [1] .
Given that Par(C, M) is a restriction category for any M-category (C, M), it is natural to ask what conditions (C, M) must satisfy for Par(C, M) to be a join restriction category.
There is a 2-category gMCat of geometric M-categories, geometric Mfunctors and M-cartesian natural transformations. With the previous definition, the 2-equivalence between rCat s and MCat restricts back to a 2-equivalence between the 2-category of split join restriction categories jrCat s and the 2-category of geometric M-categories:
MCat.
_
In [5, Theorems 3.3.3, 3.3.5] , the author gave a characterisation of these geometric M-categories. However, we will give a different characterisation using only elementary notions of pullbacks and colimits. In proving this theorem, we shall first define the matching diagram for any family of Msubobjects in C, and also use a restatement of [5, Lemma 1.6 .20].
Definition 9. Let (C, M) be an M-category, and let M = {m i : A i → A} i∈I be a family of M-subobjects of A. Denote the pullback of m i along m j as in the following diagram:
We define the matching diagram for M as a diagram in C on the objects {A i | i ∈ I} ∪ {A i A j | i = j}, and with morphisms the family {m ij | i, j ∈ I}.
Observe that in any M-category (C, M), any family of M-subobjects in C forms a cocone to its matching diagram. (1) for any family of M-subobjects {m i : A i → A} i∈I , the colimit i∈I A i of its matching diagram exists, (2) the induced map i∈I m i : i∈I A i → A is in M, and (3) the colimit from (1) , i∈I A i , is stable under pullback.
Proof. We begin by proving the if direction. Suppose {(m i , f i )} i∈I is a compatible family of maps from A to B in Par(C, M), and so there is a unique map µ = i∈I m i : i∈I A i → A in M. Now compatibility of {(m i , f i )} i∈I means that the family {f i } i∈I is a cocone to the matching diagram for {m i } i∈I [5, Lemma 3.1.4] . This induces a unique map γ : i∈I A i → B.
We claim that (µ, γ) = i∈I (m i , f i ). To see this, first observe that (m i , f i ) ≤ (µ, γ) for all i ∈ I by applying Lemma 10, since µa i = m i and γa i = f i by construction. Now suppose for each i ∈ I, we have (m i , f i ) ≤ (u, v), where u : D → A is a map in C. This means that for each i, there is a unique β i : C i → D such that m i = uβ i and f i = vβ i . Since m i m ji = m j m ij by construction, this implies that β i m ji = β j m ij (as u is monic). In other words, the family {β i } i∈I is a cocone to the matching diagram for {m i } i∈I . Therefore, there exists a unique map δ :
Since m i = uβ i = (uδ)a i and f i = vβ i = (vδ)a i , by uniqueness, we must have µ = uδ and γ = vδ (as µ and γ are the only maps satisfying the conditions µa i = m i and
To see that our definition of (µ, γ) satisfies (J1), note that by construction,
It remains to show that (µ, γ) also satisfies (J2). So let (x, y) :
is equivalent to y * ( i∈I m i ) = i∈I y * (m i ), which is true as colimits are stable under pullback by assumption. To show i∈I [(m i , f i )(x, 1)] = (µ, γ)(x, 1), simply note that the family {xm i } i∈I gives rise to the same matching diagram as for {m i } i∈I .
In the only if direction, let {m i : A i → A} i∈I be a family of M-subobjects of A. As Par(C, M) is a join restriction category, denote (µ, µ) = i∈I (m i , m i ), where µ : i∈I A i → A. Note that µ ∈ M by definition. Also, since (m i , m i ) ≤ (µ, µ) for all i ∈ I, there exists a unique a i : A i → i∈I A i (for each i ∈ I) such that m i = µa i . Observe that each a i ∈ M as a i is a pullback of m i along µ. We now show that the family {a i } i∈I is a colimit to the matching diagram for {m i } i∈I .
Clearly {a i } i∈I is a cocone to the matching diagram. Now let {b i : A i → B} i∈I be a cocone to the same matching diagram; that is, b i m ji = b j m ij for each pair i, j ∈ I. But as this implies that the family {(m i , b i )} i∈I is compatible, we may take their join, which we denote by (s, t) = i∈I (m i , b i ). By join restriction axioms,
which means s = µ (up to isomorphism). But because (m i , b i ) ≤ (s, t) = (µ, t), there exists an α i such that m i = µα i and b i = tα i (for every i ∈ I). However, a i is the only map such that m i = µa i . Therefore, we must have α i = a i , which in turn implies that b i = ta i for all i ∈ I. We need to show that t is in fact the unique map with this property.
So suppose t ′ also satisfies the condition
. Therefore, t = t ′ and so {a i } i∈I is indeed the required colimit to the matching diagram for {m i } i∈I .
Observe that by the previous argument, the family {m i } i∈I will be a colimit to its matching diagram if and only if i∈I (m i , m i ) = (1, 1) if and only if µ = 1. With this observation, it is easy to show that the colimit i∈I A i is stable under pullback by noting that pullbacks in C are the same as composition in Par(C, M) and applying join restriction axioms.
Remark 12. Substituting I to be the empty set in the above theorem tells us that if (C, M) is a geometric M-category, then C must have a strict initial object 0, and that maps 0 → A are in M (for all A ∈ C).
Example 13. Every Grothendieck topos together with all monos is a geometric M-category. This follows from a generalisation of [6, Proposition 1.4.3]. In particular, for every category C and site (C, J), the M-categories (PSh(C), M) and (Sh(C), M) are geometric, where M denotes all monos in the respective categories.
The following result follows immediately from Theorem 11.
-categories is geometric if and only if F preserves colimits of matching diagrams.
By Theorem 11, if (C, M) is a geometric M-category, then any family of M-subobjects {m i : A i → A} i∈I has a join given by the induced map
complete Heyting algebra and for each
Proof. Let {m i : A i → C} i∈I be a family of M-subobjects of C and define the join of the family of M-subobjects to be the induced map i∈I A i → C. As the colimit i∈I A i is stable under pullback, it follows that f * : Sub M (C) → Sub M (D) preserves all joins. Furthermore, since Sub M (C) has all joins, it also has all meets, and so it remains to show that joins distribute over meets.
So let m :
, and both maps preserve joins. Therefore joins distribute over meets, and Sub M (C) is a complete Heyting algebra.
Free cocompletion of geometric M-categories
In this section, we continue our discussion of geometric M-categories. The goal of this section will be to show that every small geometric M-category may be freely completed to a cocomplete geometric M-category. Recall that an M-category (C, M) is called cocomplete if C is cocomplete and the inclusion C ֒→ Par(C, M) preserves colimits [3] . The way we will show this is as follows.
First, we show that for every small geometric M-category (C, M), its underlying category C may be given a Grothendieck topology J. This allows us to form an M-category of sheaves (Sh(C), M Sh(C) ) on this site (C, J), for some class of monics M Sh(C) in Sh(C). We then show that this M-category (Sh(C), M Sh(C) ) is the free cocompletion of any geometric Mcategory (C, M).
Let us begin with the following proposition.
Then there is a Grothendieck topology on C whose basic covers of C ∈ C are given by families of the following form:
Equivalently, by Theorem 11, {a i } i∈I is a basic cover of C if C is the colimit of a matching diagram for some family of M-subobjects.
i } i∈I is also a basic cover of D as colimits are stable under pullback.
Finally, for each i ∈ I and C i , suppose {b ij } j∈J i is a basic cover of C i . We need to show that {a i •b ij } i∈I,j∈J i is a cover of C. First note that a i •b ij ∈ M for each i ∈ I, j ∈ J i as M is closed under composition. Then since i∈I,j∈J i
the family {a i : C i → C} i∈I above describes a basic cover of C for each C ∈ C.
Lemma 17. Suppose (C, M) is a small geometric M-category and let J be the topology generated by the basis described in Proposition 16. Then J is subcanonical.
Proof. We need to show all representable presheaves on C are sheaves on the site (C, J). So let D ∈ C and consider the representable yD. By Proposition 1 in [7, p.123] , yD is a sheaf if and only if for any basic cover R = {a i : C i → C} i∈I , any matching family {x i ∈ (yD)(C i )} i∈I for R has a unique amalgamation. Consider the following pullback square (for some i, j ∈ I):
Let {x i ∈ (yD)(C i )} i∈I be a matching family for R. By definition, this implies that x i • m ji = x j • m ij , or that {x i } i∈I is a cocone to the diagram for which {a i } i∈I is a colimit. This means there exists a unique x : C → D such that x • a i = x i for all i ∈ I. In other words, this x is the unique amalgamation of {x i } i∈I . Hence, the representable yD is a sheaf, and J is subcanonical.
3.1. Partial map category of sheaves. Recall from [1] 
in M making the following a pullback square:
We now consider the M-category of sheaves on C.
Definition 18. Suppose (C, M) is a small geometric M-category. Then there is an M-category Sh M (C), or (Sh(C), M Sh(C) ), where µ : P ⇒ Q is in M Sh(C) if and only if for every map α : ayD ⇒ Q in Sh(C), there is a map m : C → D in M making the following a pullback square:
where a : PSh(C) → Sh(C) is the associated sheaf functor.
Recall the geometric M-categories (Sh(C), M) and (PSh(C), M), where Sh(C) is the category of sheaves on some small site (C, J) and M represents all monics in Sh(C) and PSh(C). Then the associated sheaf functor a : PSh(C) → Sh(C) is also a geometric M-functor from (PSh(C), M) to (Sh(C), M), as it not only preserves all colimits, but also all finite limits. Proof. Let {C i → D} i∈I be a family of M-subobjects of D in C, and consider the basic cover {C i → i∈I C i } i∈I . The associated covering sieve (as a subfunctor) is given by
in PSh(C), and the associated sheaf functor a takes this map to an isomorphism in Sh(C). Hence, as a is a left adjoint, we have ay i∈I
Proof. First note that M Sh(C) is a subset of M (all monics in Sh(C)). So to show that (Sh(C), M Sh(C) ) is geometric, if suffices to prove that if {α i : P i → Q} i∈I are M Sh(C) -subobjects of Q, then the induced monic i∈I α i : i∈I P i → Q is also in M Sh(C) .
Denote the pullback of each α i along γ : ayD → Q by aym i , with m i ∈ M:
Since (Sh(C), M) is geometric, by stability, the pullback of i∈I α i along the same γ is i∈I aym i :
But observe that the following diagram commutes by Lemma 19:
Hence, the pullback of i∈I α i along γ is ay i∈I m i , and so Sh M (C) is geometric.
We have shown that (Sh(C), M Sh(C) ) is geometric if (C, M) is small geometric. In the same way that Sh(C) is a cocomplete category, we would like to show (Sh(C), M Sh(C) ) is cocomplete as an M-category. Recall the following definition of a cocomplete M-category and cocontinuous M-functor.
Definition 21 (Garner-Lin). An M-category (C, M) is cocomplete if the underlying category C is cocomplete, and the inclusion i : C ֒→ Par(C, M) preserves colimits. An M-functor between M-categories is cocontinuous if it is cocontinuous as a functor between the underlying categories.
Definition 23. Let (C, M) be an M-category with a terminal object 1. An M-subobject classifier consists of an object Σ ∈ C and a map τ : 1 → Σ in M, such that for any m ∈ M, there exists a unique mapm making the following square a pullback:
Proof. Recall that as Sh(C) is locally cartesian closed, if Sh M (C) were to have an M-subobject classifier Σ, then the pullback functor τ * : Sh(C)/Σ → Sh(C) will have a right adjoint. This will imply that Sh(C) has a partial map classifier for every P ∈ Sh(C) [6] , and in turn, will mean that the inclusion Sh(C) ֒→ Sh M (C) has a right adjoint [2] . Therefore, it suffices to show that Sh M (C) has an M-subobject classifier.
From [3, Example 3.7] , PSh M (C) has an M-subobject classifier Σ taking objects C ∈ C to Sub M (C), and morphisms f to f * (by pullback along f ). There was also a map τ : 1 ⇒ Σ in M PSh(C) . We will show that this Σ is a sheaf, and then because
We begin by showing that Σ is a separated presheaf. Let R = {a i : A i → C} i∈I be a basic cover of C ∈ C, and let M = {m i : B i → A i } i∈I be a matching family for R. Now suppose x, y ∈ Sub M (C) are two amalgamations for M . Then pulling either x or y back along a i gives m i (for all i ∈ I). That is, a * i (x) = a * i (y), and so post-composing both sides by a i yields a i ∧ x = a i ∧ y. The families {a i ∧ x} i∈I and {a i ∧ y} i∈I are families of monics, so we may take joins over all i ∈ I, giving i∈I (a i ∧ x) = i∈I (a i ∧ y). However, since Sub M (C) is a Heyting algebra, we get
by distributivity, and so x = y as i∈I a i = 1 by definition. Therefore, Σ is a separated presheaf. It remains to show that any matching family for R has an amalgamation.
Again, let R be a basic cover of C and M a matching family for R as above, and consider the following diagram:
The above squares are all pullback squares. To say that m i and m j belong to the same matching family is to say that n i and n j represent the same Msubobject, or equivalently a * ji (m i ) = a * ij (m j ) for all i ∈ I. Since a j a ij = a i a ji by construction, post-composing both sides of the above equation by
But we can also rewrite the above equation as
by writing compositions as intersections (as all squares are pullbacks). So if m i , m j come from a matching family for R, then they must satisfy (3.2). We claim that the (unique) amalgamation for M is i∈I a i m i . In other words, we need to show that a * j i∈I a i m i = m j for all j ∈ I. However, since a j is monic for all j ∈ I, the previous equality holds if and only if a j • a * j i∈I a i m i = a j • m j , which is true if and only if
Examining the left hand side, we have (by the distributive law),
2) and the fact a j m j ≤ a j (as an M-subobject). But for all i = j, a i ∧ a j m j ≤ a j m j (since there is an arrow b j from the domain of a i ∧ a j m j to a j m j ). Therefore, this means that i =j a i ∧ a j m j ≤ a j m j . Hence,
as required. So every matching family for R has an amalgamation, implying that Σ is indeed a sheaf. Therefore, when (C, M) is a geometric M-category, (Sh(C), M Sh(C) ) is cocomplete as an M-category.
We have established that if (C, M) is a geometric M-category, then (Sh(C), M Sh(C) ) is a geometric and cocomplete M-category. We now show that (Sh(C), M Sh(C) ) is the free geometric cocompletion of any small geometric M-category (C, M). The following lemmas will be useful. 
In other words, if and only if there is an isomorphism

PSh(C)(i, G(D)) : PSh(C)(S, G(D)) → PSh(C)(yC, G(D)).
AsF ⊣ G, the above is an isomorphism if and only if D(F i, D) is invertible for all D ∈ D, and this in turn is true if and only ifF i is invertible.
Lemma 27 (Garner-Lin).
preserves unions of M-subobjects if and only if for all C ∈ C,F takes covering sieves S yC in PSh(C) to isomorphisms in D.
Proof. By the previous lemma,F is a cocontinuous M-functor. This means that for any covering sieve S → yC, and in particular, the covering sieve i∈I yC i → y i∈I C i from (3.1), we havẽ
and soF µ : i∈I F C i → F i∈I C i is an isomorphism if and only if F preserves unions of M-subobjects. 
Proof. We first show that (−) • ay is essentially surjective on objects. From [3] , we know that the following is an equivalence of categories:
. But applying Lemmas 28, 26 and 25 in succession gives a cocontinuous functorF i : Sh(C) → D such thatF iay ∼ = F , since F is geometric. NowF • i is the composite of M-functors, and so (−) • ay is essentially surjective on objects. The fact (−) • ay is fully faithful follows from Lemma 25, and therefore (−) • ay is an equivalence of categories.
Free cocompletion of join restriction categories
In light of the 2-equivalence between gMCat and jrCat s , we may now use the previous result to give the free cocompletion of any join restriction category. Indeed, this is what we will do in this section. But let us begin with the definitions of a cocomplete restriction category, and cocomplete join restriction category.
Definition 30 (Garner-Lin). A restriction category X is cocomplete if it is split, its subcategory of total maps Total(X) is cocomplete, and the inclusion Total(X) ֒→ X preserves colimits. Also, a restriction functor F : X → Y is called cocontinuous if the underlying functor Total(F ) : Total(X) → Total(Y ) is cocontinuous. There is a 2-category rCocomp of cocomplete restriction categories, cocontinuous restriction functors and restriction transformations.
Definition 31. A join restriction category X is cocomplete if it is cocomplete as a restriction category. Also, a join restriction functor between join restriction categories F : X → Y is called cocontinuous if Total(F ) is cocontinuous. There is a 2-category jrCocomp of cocomplete join restriction categories, cocontinuous restriction functors and restriction transformations.
Observe that we have omitted the term "join" in describing the 1-cells of jrCocomp. The reason for this is as follows. As Par and MTotal are 2-equivalences, every split join restriction category X may be rewritten as X ∼ = Par(Total(X), M X ), where M X are the restriction monics in X [1] . So if We now describe the free cocompletion of any join restriction restriction category. Recall from [1] that the inclusion rCat s ֒→ rCat has a left biadjoint K r , and the unit of this biadjoint J at X is a restriction functor from X to K r (X). It is easy to check that if X is a join restriction category, then so is K r (X). Also, the fact jrCocomp and gMCocomp are 2-equivalent follows from their definitions. So consider the following solid diagram:
Now let X be a small join restriction category. By Theorem 29, the forgetful 2-functor V has a left biadjoint at any small geometric M-category, as indicated by the dotted arrow above. It follows that U also has a left biadjoint at any small join restriction category X given by Par(Sh M (MTotal(X))). Therefore, the following exhibits the codomain as the free join restriction cocompletion of X: (4.1)
in the sense that the following is an equivalence of categories:
However, as we shall see in the next section, we may express the free cocompletion of any join restriction category in a simpler form via the notion of join restriction presheaves.
Equivalence between sheaves and join restriction presheaves
We saw in the previous section that the free cocompletion of any join restriction category may be given by the partial map category of sheaves on some site. The aim of this section will be to present an equivalent category which is also the free cocompletion of any join restriction category. In order to do this, we need objects in this category to correspond with sheaves on Total(K r (X)). In particular, we need a corresponding notion of a matching family, and also that of amalgamation. [3] showed that the free cocompletion of a restriction category can be described in terms of restriction presheaves, the definition of which is given below (Definition 32). As it turns out, the corresponding object we need is a presheaf over a join restriction category (Definition 36), which is equipped with its own notion of compatibility and join. The corresponding notions of matching families and amalgamation in a join restriction presheaf may then be described as follows. Instead of a matching family for a covering sieve, we have a compatible family of elements of the restriction presheaf, and instead of a unique amalgamation of such a matching family, we have a join of compatible families. These join restriction presheaves form a join restriction category, and we will show that this category is equivalent to some partial map category of sheaves, and hence show that it is indeed the free cocompletion of any join restriction category.
Let us recall the definition of a restriction presheaf.
Definition 32 (Garner-Lin). Let X be a restriction category. A restriction presheaf over X is a presheaf P : X op → Set equipped with a family of maps {F A } A∈X F A : P A → X(A, A), x →x with eachx being a restriction idempotent satisfying the following conditions:
For any restriction category X, there is a restriction category called PSh r (X), the objects of which are restriction presheaves on X, and the morphisms are natural transformations. In fact, PSh r (X) is a restriction category where the restriction on α : P ⇒ Q is defined componentwise at A ∈ X by α A (x) = x · α A (x).
Recall that any presheaf P over an ordinary category C may be regarded as a profunctor from the terminal category 1 to C, or as a bifunctor P : C op × 1 → Set. Further recall that the collage of this P : C op × 1 → Set, denoted here byP , is a category whose objects are the disjoint union of the objects of C and ⋆, where ⋆ is the only object in 1 [8] . Its hom-sets are defined as follows:P
If P : X op → Set is a restriction presheaf, then its collage maybe given a canonical restriction structure. Conversely, if the collage of P : X op → Set is a restriction category, then P may also be given a restriction structure, making it a restriction presheaf. Therefore, the following two results from [3] follow automatically from their analogues in [1] .
Lemma 33. If X is a restriction category, and P is a restriction presheaf on X, then for all A ∈ X, x ∈ P A and maps g : B → A, we havē
Note that for all A ∈ X, the set P A also has a partial ordering given by x ≤ y if and only if x = y ·x. As in the case of join restriction categories, we may define compatibility between elements of the same set P A.
Definition 34. Let X be a restriction category and P be a restriction presheaf over X. For any A ∈ X, we say that x, y ∈ P A are compatible if x ·ȳ = y ·x, and denote this by x ⌣ y.
We now present two analogous lemmas (see Lemma 3) which follow from the definition of compatibility.
Lemma 35. Let X be a restriction category and P a restriction presheaf over X. Let A ∈ X and x, y ∈ P A. Then (1) x ≤ y implies x ⌣ y, and (2) x ⌣ y andx =ȳ implies x = y.
The proof is essentially the same as for Lemma 3. Again, it is the partial ordering which allows us to define the notion of a join restriction presheaf over a join restriction category.
Definition 36. Let X be a join restriction category. A join restriction presheaf on X is a restriction presheaf P : X op → Set such that for all A ∈ X and all compatible subsets S ⊂ P A, the join s∈S s exists with respect to the partial ordering on P A, and satisfies the following conditions: (JRP1) s∈S s = s∈Ss ; (JRP2) s∈S s · g = s∈S (s · g) for all g : B → A and x ∈ P A. Denote by PSh jr (X), the full subcategory of PSh r (X) with join restriction presheaves as its objects.
Again, as in the case of restriction presheaves, it is not difficult to see that a presheaf P : X op → Set is a join restriction presheaf if and only if its collage is a join restriction category. Therefore, as with the case for join restriction categories [5, Lemma 3.1.8] , the following proposition holds.
Proposition 37. Let X be a join restriction category, and let P be a join restriction presheaf. Then for all A ∈ X, x ∈ P A and compatible T ⊂ X(B, A),
5.1. Join restriction category of join restriction presheaves. We know that for any restriction category X, the category of restriction presheaves on X, PSh r (X), is a restriction category. Now suppose X is a join restriction category. By definition, PSh jr (X) is a restriction category. However, we will show that PSh jr (X) is in fact also a join restriction category.
Lemma 38. Let X be a join restriction category, and P, Q join restriction presheaves on X. Let S be a compatible set of pairwise natural transformations from P to Q. Then the natural transformation α∈S α defined as follows:
is the join of S, and furthermore, satisfies conditions (J1) and (J2).
Proof. We first have to show that α∈S α is well-defined. That is, for all α, β ∈ S, α A (x)β A (x) = β A (x)α A (x) (for all A ∈ X and x ∈ P A). But this follows by definition of restriction in PSh r (X) and the naturality of α and β. It is also natural since for all g : B → A,
using the fact Q is a join restriction presheaf, and the naturality of α ∈ S. To show that α∈S α really is the join, we have to show α ′ ≤ α∈S α for all α ′ ∈ S, or equivalently,
. But this is true as
by compatibility and the fact
Therefore, for any compatible set of natural transformations S = {α : P ⇒ Q}, α∈S α as defined previously is the join of S.
To see that this join satisfies (J1), simply replace β above by the identity. To see that (J2) is satisfied, let γ : R ⇒ P be a natural transformation and observe that
Therefore, the natural transformation α∈S α defined as above really is the join of any compatible S ⊂ PSh r (X)(P, Q), and furthermore, satisfies conditions (J1) and (J2).
The following proposition follows directly from Lemma 38.
Proposition 39 (Join restriction category of join restriction presheaves). Let X be a join restriction category. Then PSh jr (X) is a join restriction category, with joins defined componentwise as in Lemma 38 for any compatible subset S ⊂ PSh jr (X)(P, Q).
The following are some properties of morphisms in PSh jr (X).
Proposition 40. Let X be a join restriction category, and let α : P ⇒ Q be a morphism in PSh jr (X). Let A ∈ X and S ⊂ P A be compatible. Then the set α A (S) = {α A (x) | x ∈ P A} is also compatible. In addition, if x, y ∈ P A with x ≤ y, then α A (x) ≤ α A (y).
Proof. Let x, y ∈ S, and observe that it is enough to show that α A (x) · α A (y) = α A (y ·x) (by interchanging x and y and using the fact x ⌣ y). Since α A (y) ≤ȳ (as α A (y) = α A (y ·ȳ)), we have
Hence, α A (S) is compatible if S is compatible.
Now if x ≤ y, then
Proposition 41. Let α : P ⇒ Q be a morphism in PSh jr (X). Let A ∈ X, and let S ⊂ P A be compatible. Then
In other words, components of natural transformations preserve joins.
Proof. To prove equality, we will show they are compatible, and then show that their restrictions are equal. Now by definition, x ≤ x∈S x, which means α A (x) ≤ α A x∈S x by Proposition 5.1. Therefore, x∈S α A (x) ≤ α A x∈S x , and hence x∈S α A (x) ⌣ α A x∈S x . To show that their restrictions are equal, we first showᾱ A x∈S x = x∈Sᾱ A (x). This is true sincē
Observing that α A (x) =ᾱ A (x), we then have
which means the restrictions of α A x∈S x and x∈S α A (x) are equal. Therefore, as α A x∈S x and x∈S α A (x) are compatible, they must be equal.
Having introduced join restriction presheaves, our next goal is to show that for any small geometric M-category (C, M), Par(Sh M (C)) and PSh jr (Par(C, M)) are equivalent as join restriction categories. Recall that for any M-category (C, M), there was an equivalence of M-categories F : PSh M (C) → MTotal(PSh r (Par(C, M) )), which on objects, takes presheaves P on C to presheavesP on Par(C, M), withP (X) = {(m, f ) | m ∈ M, f ∈ P (dom m)} for all X ∈ Par(C, M) [3] . By the fact that MCat and rCat s are 2-equivalent, we then have an equivalence of restriction categories L :
is the unit of the 2-equivalence between MCat and rCat s . We will show that this equivalence L restricts back to an equivalence between join restriction categories Par(Sh M (C)) and PSh jr (Par(C, M)).
However, let us first establish the following facts.
cover means that the following diagram commutes for every i ∈ I:
Since Sub M (C) is a complete Heyting algebra, taking the join of {a i } i∈I means we have 1 = i∈I a i ≤ m, or m = 1. In other words, the map ym is invertible, and so for every natural transformation, S ⇒ R, there exists an extension yC ⇒ R given by the composite β • (ym) −1 . However, as R is a subobject of a sheaf, and therefore separated, this implies that this extension is in fact unique. Hence, R is a sheaf and Par(Sh M (C)) is a full subcategory of Par(PSh M (C)). 
PSh r (Par(C, M)).
_
We wish to show L restricts to a functor L ′ : Par(Sh M (C)) → PSh jr (Par(C, M)) making the above diagram commute, and that L ′ is an equivalence of join restriction categories. We will begin by showing that L ′ is well-defined; that is, given a sheaf P : C op → Set, we have to show Par(F )(P ) = F (P ) = P : Par(C, M) op → Set is a join restriction presheaf.
So let X ∈ Par(C, M) and suppose {(m i , f i )} i∈I is a compatible family of maps. That is, f i · m ji = f j · m ij for any pair i, j ∈ I, where m ji is the pullback of m j along m i . Since Par(C, M) is a join restriction category by assumption, we may take the colimit {a i } i∈I of the matching diagram for {m i } i∈I . Let µ be the induced map from this colimit. Now the condition f i · m ji = f j · m ij for all i, j ∈ I implies that {f i } i∈I is a matching family for the basic cover {a i } i∈I . But because P is a sheaf, this implies the existence of a unique amalgamation γ such that γ · m i = f i for all i ∈ I. So define the join of {(m i , f i )} i∈I to be (µ, γ · µ). It is then easy but tedious to check that the join restriction presheaf axioms hold, which means that L ′ is well-defined.
Since Par(Sh M (C)) and PSh jr (Par(C, M)) are both full subcategories, it also follows that L ′ makes the above diagram commute. In addition, as L is an equivalence of categories, this makes L ′ fully faithful, and so it remains to show that L ′ is essentially surjective on objects, and that L ′ is a join restriction functor.
To show L ′ is essentially surjective, recall from [3] that there is an equivalence G : PSh r (Par(C, M)) → Par(PSh M (C)) of restriction categories, with F G ∼ = 1. On objects, G maps restriction presheaves P : Par(C, M) op → Set to presheavesṖ : C op → Set, withṖ (X) = {x | x ∈ P X,x = (1, 1)} anḋ P (f ) = P (1, f ). So if we can show that G maps join restriction presheaves to sheaves on C, then L ′ will be essentially surjective on objects.
So let P be a join restriction presheaf on Par(C, M), and consider the presheafṖ : C op → Set. Let R = {a i : C i → C} i∈I be a basic cover of C, and let {f i ∈Ṗ (C i )} i∈I be a matching family for R. That is, f i · π j = f j · π i for all i, j ∈ I, where π i , π j are the pullbacks below:
Note that π i , π j ∈ M. NowṖ will be a sheaf if we can find a unique x ∈Ṗ (C) such that x · a i = f i . We will show that x = i∈I f i · (a i , 1) is the unique amalgamation of {f i } i∈I . However, first we must show that such a join exists by showing f i · (a i , 1) ⌣ f j · (a j , 1) for all i, j ∈ I. Now using the fact f i · π j = f j · π i if and only if f i · (1, π j ) = f j · (1, π i ) and f i = (1, 1) for all i ∈ I, we have f i · (a i , 1) · f j · (a j , 1) = f i · (a i , 1) · f j • (a j , 1) = f i · (a i , 1) · (a j , a j ) = f i · (a j π i , π j ) = [f i · (1, π j )] · (a j π i , 1) = [f j · (1, π i )] · (a j π i , 1) = f j · (a j π i , π i ) = f j · (a i π j , π i ) = f j · (a j , 1) · f i · (a i , 1). So x = i∈I f i · (a i , 1) exists. To see that it is inṖ (C), we havē x = i∈I f i · (a i , 1) = i∈I f i • (a i , 1) = i∈I (a i , a i ) = (1, 1).
We now check that x is an amalgation of {f i } i∈I . That is, x · a j = f j for all j ∈ I, or equivalently, x · (1, a j ) = f j . Now So x · (1, a i ) = x · a i = f i for all i ∈ I, making x = i∈I f i · (a i , 1) an amalgation of {f i } i∈I . It remains to show that such an x is unique.
So let y ∈Ṗ (C) satisfy the condition y · a i = y · (1, a i ) = f i for all i ∈ I. Then y ·(1, a i ) = x·(1, a i ) implies i∈I y ·(1, a i )(a i , 1) = i∈I x· (1, a i )(a i , 1) , which in turn implies x = y since i∈I (a i , a i ) = (1, 1). Therefore, if P is a join restriction presheaf on Par(C, M), thenṖ is a sheaf, and so L ′ is essentially surjective on objects.
Finally, to show that L ′ is a join restriction functor, note that L ′ is a restriction functor as L is a restriction functor. Furthermore, Total(L ′ ) : Sh(C) → Total(PSh jr (Par(C, M))) is an equivalence of categories, with pseudo-inverse given by Total(G) restricted back to Total(PSh jr (Par(C, M))). Therefore, as Total(L ′ ) is cocontinuous, L ′ must be a join restriction functor, and hence Par(Sh M (C)) and PSh jr (Par(C, M)) are equivalent as join restriction categories. .2) is an equivalence of categories, it follows that precomposition with y jr is also an equivalence of categories.
